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Chapter 5

Analog Computing Devices

Introduction

magine that you are standing on the bank of a small river. On the

opposite bank, on a small rise inaccessible to you, is a tall building
whose height you would like to determine. Fortunately, you have
with you a protractor, or similar angle measuring device, that enables
you to sight the angle above the horizontal of the foot and top of the
building. Then, turning, you carefully pace a convenient distance
away from the building (the ground also being conveniently flat) and
repeat the angle measurements. You now have sufficient information
to determine the height of the building.

But how do you do the actual calculation? One method is to use
trigonometry—develop the formulas that apply in this situation and
use a pocket calculator to evaluate them substituting your observed
angles and distance paced for the unknowns. An alternative approach
would be to do a careful scale drawing (Figure 5.1) from which the
height of the building could simply be measured without any
knowledge of trigonometry.

The first method of calculation uses a digital technique. The
quantities involved are represented by numbers (strings of decimal
digits—hence the name), and the numbers are manipulated in an
abstract manner independent of the original problem.

The second method of calculation uses an analog technique. The
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Figure 5.1. A graphical solution to the surveying problem described

in the text.

quantities in the problem are represented by a direct proportion (or
analog) of the length of lines and the angles between them. Unlike
the digital technique, the accuracy of the analog technique is limited
by how carefully and accurately the drawing is made and the result
measured. On the other hand, the analog technique is generally
quicker to apply and less prone to error, as the whole problem is set
before you as a picture. Its adaptability is clear if you were to
subsequently ask how far away is the building, or how high is the rise
on which it stands?

Analog methods of calculation have a very old tradition and many
are still in common use. For example, in artillery surveying, digital
(computer) techniques are used for the basic calculation and a
graphical analog device is still commonly used as a check against
error. In World War 11, graphical devices were the basic technique.
Figure 5.2 shows a plotter used in antiaircraft defense. From an
observation post the direction (bearing), angle above the horizon
(altitude), and distance to the aircraft (range) can be measured. These
are set up on the plotter instrument, and the aircraft’s height can then
be read off and its position over the ground marked on the map.

Simple direct analogs, such as those just discussed, are very
common. There are more sophisticated approaches in which it is not
the problem itself that is modeled. Rather, the equations describing
the problem are derived and are then modeled in such a way that the
original problem is much less evident. It is this approach that is
discussed in this chapter.



Figure 5.2. An antiaircraft plotter. The vertical triangle, from which
the height and horizontal range can be determined from the slant
range and altitude angle, is solved by the gridded chart that has
been laid flat onto the map.

Simple Analog Devices

e start with some simple examples of analog devices. Figure

5.3 shows a more refined example of a plotting instrument for
antiaircraft defense. The altitude angle and range are entered by
positioning the angular arm that represents the line of sight to the
aircraft. By manually setting the vertical arm the height and
horizontal range can be read off.

Figure 5.4 shows a more elaborate mechanism, called a resolver,
for converting from polar to rectangular coordinates. This mechanism
works automatically and is a component part of many of the devices
described later. They are found in naval gunnery computers from
World Warl, and a simpler form occurs in Kelvin’s harmonic analyzer
in the 1870s and in numerous other harmonic analyzers from the turn
of the century onwards.
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Figure 5.3. A more sophisticated mechanism for solving the vertical
triangle in antiaircraft gunnery. Here each of the elements of the
triangle is represented by a metal bar that can be rotated or slid
to place it in correct relative physical relationship to the elements
of the original problem. Fixed Guides
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Figure 5.4. A mechanical resolver for converting from polar to
rectangular coordinates. An arm is rotated through an angle 6.
Sliding radially on the arm is a block carrying a pin whose
distance from the center is r. Together r and © represent the
hypotenuse of a right-angle triangle. The pin moves in a
horizontal slot in an arm constrained by guides to slide vertically.
The vertical movement of the arm is therefore r sin 0. A similar
arm, with a vertical slot, sliding horizontally will yield r cos .
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Figure 5.5. Skeleton diagram of a multiplying linkage. Since the
triangles ABC and ADE are similar,
BC/AB =DE/AD, II! i

SO

BC=[DE XxABJAD =axb
if AD is taken as unit length.

A multiplying mechanism can be constructed using similar
triangles, as shown in Figure 5.5. One slide input rotates an arm about
a fixed pivot for the first operand. A second slide input positions a
slider on the rotated arm for the second operand. The vertical position
of the slider on the rotating arm yields the product on an output slide.
This multiplier mechanism also appears in World War I gunnery
computers, but antecedents are found in some of the more elaborate
integraphs of the late nineteenth century.

The Powles Calliparea, patented about 1870, is a more
mathematically sophisticated device. It was designed to measure
directly, without calculation, the cross-sectional area of a wire for
determining its resistance to electric current. The instrument, shown
in Figure 5.6, may have been a prototype model. It was probably not
extensively manufactured because the same accuracy in area could
be obtained with ordinary callipers and a slide rule, the use of which
could also allow the inclusion of the resistivity of the wire and its
length in the calculation. The mathematical principle underlying its
operation is shown in Figure 5.7.

An important basic analog mechanism is the differential, which
adds two independent motions. Several forms of this mechanism are
shown in Figure 5.8, which indicates how the common bevel gear
differential might be understood from simpler forms. Here it is not
the linear position of a slide, but the angle though which a shaft
rotates, that provides the analog of a quantity in the original problem.



Figure 5.6. Powles Patent Calliparea (ca. 1870) for directly
measuring the cross-sectional area of round wire.
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Figure 5.7. The mathematical functions performed by the Powles
Calliparea. From the figure,

d=2rsin (6/2), g
A=R(1-cos®)=2Rsin“(6/2)
by the tngonomcmc identity,

cos 8 =1 - 2 sin’ (0/2)
in the instrument r 2 mches andR=m mches, where
A= 2R(5/2r) =n/88% = 1/2(1|:8 /4)
Thus the difference & represents the cross-sectional area of a circle
with diameter & to a linear scale of 0.5 inch to each square inch
of area.
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Figure 5.8. Three forms of differential mechanism for adding two
independent quantities. If either suspension rope of the pulley at
the left is raised, the pulley is raised by half that amount, and the
two ropes may be manipulated independently. In the center the
same effect is obtained by replacing the ropes by toothed racks
and the pulley by a gear wheel. If the racks are bent to form
circular crown wheels, as at the right, the same mathematical
function is obtained with all linear motions replaced by circular
motions of (possibly) unlimited extent. The latter is the common
automobile form of differential that ensures that the number of
revolutions made by the engine (connected to the spider shaft) is
equal to the mean of the number of revolutions made by the
driving wheels (connected via half-axles to the crown wheels).
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Although a differential mechanism occurred in antiquity (the
Antikythera Mechanism, described below), it was not reinvented
until the mid-seventeenth century. Its first use in calculating
machinery was in the naval gunnery computers of World War I, but
a simpler form was used in Kelvin’s tide predictors (1870s) and
harmonic synthesizers.

All of the devices thus far described are theoretically exact in their
action. Aside from "noise" introduced by the limited accuracy in
machining the parts, the mechanisms do not introduce any structural
error due to the geometry of the mechanism being inexact.
Frequently, however, the mathematical description of a problem is
simplified so that it can be solved by a more straightforward analog
device if the error thus introduced is of no importance to the user.
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Astronomical Clocks, Orreries, and Planetariums

he motions of the heavenly bodies, and particularly the planets

or "wandering stars," have held a fascination for people since
antiquity; this fascination is enshrined in the scientific knowledge of
astronomy and the speculative knowledge of astrology. Mechanical
models representing the heavens, either to show the present positions
of bodies or to "calculate" their positions at an earlier or future epoch,
have been known for at least two thousand years.

Figure 5.9. The first working modern reconstruction of the
Antikythera Mechanism, made by the author. The case is
approximately 12"x 6"x 3" (320 x 160 x 80mm). In the original,
the case was of bronze and wood, with opening doors like a
triptych. The whole was covered by inscriptions in Greek
explaining the use of the mechanism.
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The earliest extant example of an astronomical computer is the
Antikythera Mechanism, from 80-50 B.C., recovered from an ancient
wreck in 1901 and interpreted from X-ray images by the historian
Derek de Solla Price. Figure 5.9 is a photograph of a modem
reconstruction made to a recent reinterpretation of its mechanism and
function by the author. The input is turned once per day and drives a
dial showing the age of the moon—the 29.53 day cycle from new
moon through full moon and back to new moon. This in turn drives
dials that show the positions of the sun and the moon among the stars
and the eighteen-year cycle of lunar and solar eclipses. Figure 5.10
shows schematically the arrangement of the mechanism which
includes thirty-nine gears and is the only example of a differential
gear mechanism known before the mid-seventeenth century.

Figure 5.10. The logical organization of the Antikythera Mechanism.
The heart of the mechanism is based on the Metonic Cycle: 254
Sidereal Months of 27.32 days (for the moon to return to the same
place relative to the fixed stars) takes approximately 235
Synodical Months of 29.53 days (from new moon back to new

moon) or 19 Sidereal Years of 365.26 days. The eclipse indication 1 '
is based on the Saros cycle—the pattern of eclipses repeats after | 7g [ ~Eclipses
233 Synodical Months, or nearly 18 years. The boxes show the Sidercal
. . . . =]
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Planispheric astrolabes, which show star and planetary positions
in altitude and azimuth coordinates, as seen from the earth’s surface,
appear to have originated in Hellenic times and Islamic examples are
known from the ninth century. Astrolabes were practical tools of
navigation and also served as aids to astrological divination and
prediction.

With the development of mechanical clocks in the thirteenth
century, wheelwork was adapted for directly indicating the motions
of heavenly bodies. From the design of Giovanni de Dondi in 1364
the design of astronomical clocks was progressively refined and
elaborated. The cathedral clock at Strasbourg (1842) is probably the
best known and that of Jens Olsen (Copenhagen, 1955) is arguably
the finest. The development of smaller clocks of this type was
strongly supported in the eighteenth-century French courts.

Orreries, models showing the heliocentric motions of the planets,
are named for one produced for the Earl of Orrey in 1712. They
became very well known in the nineteenth century as aids in popular
lectures on astronomy. The main element in the design of these
instruments was the calculation of geared wheelwork to approximate
the astronomical periods involved.

The development of the planetarium in 1919-1923, by Walter
Bauersfeld of the Carl Zeiss optical works in Jena, is the most
important modern contribution to analog astronomical devices. In
this instrument, the firmament and planets are represented by optical
projections on the inside of a large hemispherical dome. This
instrument has seen considerable elaboration through the twentieth
century and features the geocentric representation of planetary
motions.

The principle embodied in planetary projection is shown in
Figure 5.11. The earth and another planet, say Mars, are represented
by the motions of points on circles of a size and inclination to
represent the planetary orbits to scale. A rod or similar mechanism
joining these two points carries an optical projector for the planetary
image on the dome. The planetary orbits, though nearly circular, are
in reality ellipses, so the motions are not correctly represented by
uniform circular motions. The deviation of the fixed radius of a circle
from the ellipse is not of great importance, but the nonuniform motion
of the planet in the ellipse, because it accumulates from day to day,
cannot be neglected. The linkwork shown in Figure 5.11 is used to
approximate the nonuniform planetary motion. Note that this
mechanism is not theoretically exact and possesses structural errors.
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Figure 5.13. A Wetli planimeter (1849). In this planimeter a
movement of the tracing point in the x-direction causes the disk
to be rotated by means of a flexible wire. Movement in the
y-direction causes the disk to be moved on a carriage with the
tracing arm so that the integrating wheel is, in effect, displaced
from the center of the disk. Courtesy Science Museum, London.
Negative No. 3293.

A major step forward was the invention of the polar planimeter
in 1856 by Jacob Amsler, then a student at Kénigsberg. In the Amsler
planimeter the integrating wheel moves, by a combination of rolling
and sliding motions, over the paper on which the area to be measured
is drawn. The principle is shown in Figures 5.14 and 5.15. The
simplicity, ease of use, and low price of the Amsler planimeter soon
drove all older forms from the field and led to the manufacture of
many thousands of the instruments in the nineteenth century—over
twelve thousand by Amsler alone by 1884. Amsler-type planimeters
are still being manufactured for their traditional uses in surveying,
architecture, and engineering design. An important common usage
was in the analysis of indicator diagrams to determine the efficiency
of steam engines.

Although theoretically exact in its function, the Amsler
planimeter is susceptible to faults that limit its precision in practice.
From about 1880, several forms of "precision planimeters" were
manufactured, particularly by Coradi in Zurich, to reduce these
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Figure 5.14. The principle of Amsler-type Planimeters. When the
ordinate isy, the arm of length /is inclined at an angle 6 = sin'l(y/l)
to the x axis. If the arm translates a distance A x in the direction
of the x axis parallel to itself, the integrating wheel will turn about
its axis and slide parallel to its axis. The turning will be through
an angle

A z = [A x sin 0)/r = [yA x)/[Ir].
The total rotation of the integrating wheel in tracing around a
closed curve will therefore be just

z=1/[Ir] [y dx.
The integrating wheel will also be turned as the arm rotates about
its pivot, but in tracing completely around a closed curve the arm
will return to its initial position so the net effect of this will be
zero. The path that the pivot follows is unimportant and in the
Amsler planimeter is just a circle.

Figure 5.15. An Amsler planimeter. The arm length may be adjusted
to alter the scale of units in which the record is made by the
integrating wheel. Courtesy Science Museum, London. Negative
No. 82.
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errors, especially those arising from the motion of the integrating
wheel over the unprepared paper surface. Most of these devices were
superseded by the invention by Lang in 1894 of the compensating
planimeter. In this form, the arms of the Amsler planimeter can be
disposed in two roughly mirror-image ways when tracing an area.
Averaging measurements made in these two configurations mitigate
many of the errors.

A particularly simple and inexpensive form of planimeter, the
Hatchet planimeter (named from its resemblance in one form to a
hatchet), was developed from 1887. The principle is shown in Figure
5.16.

Figure 5.16. A serviceable planimeter of the hatchet type can be
made with an ordinary penknife. The long blade is pressed to
make an indentation in the paper. The outline of the irregularly
shaped area is traced while keeping the short blade vertical and
allowing the long blade to slide in the direction of its edge. The
long blade is then pressed to make a second indentation. The area
traced is just the length between the blades times the arc length
moved sideways by the long blade. A scale for area can be
engraved on one blade for measuring between the two
indentations made in the paper. While eminently serviceable, the
Hatchet planimeter is not a precision instrument. The
mathematical analysis is complex and the result is not
theoretically exact. The errors are minimized if the area is small,
tracing starts near its center of gravity, and the results of clockwise
and anticlockwise tracings are averaged.
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An important generalization of the Amsler planimeter is the
moment planimeter. An ordinary planimeter measures the area within
a closed curve. By introducing additional integrator wheels that are
geared so that their axes are rotated through two and three times the
angle moved by the integrator arm, it is possible to measure the
moment of inertia and other higher order moments of the area.” These
moments are of considerable engineering importance, and the devices
were widely used, particularly in ship design. Figure 5.17 shows a
moment planimeter employing precision sphere and wheel
integrators.

Figure 5.17. Moment planimeter designed by Hele-Shaw and
manufactured by Coradi in Zurich. Integrating wheels moving
over the paper are replaced by wheels moving over glass spheres
for greater precision. Courtesy Science Museum, London.

Negative No. 786.






Figure 5.18. Kelvin’s tide-predicting machine. Gearing from the
drive handle is used to drive resolver mechanisms, which are set
to generate sine functions of the required amplitude, phase, and
periods. The components are added by a wire-and-pulleys
system, and the resultant water height is recorded as a continuous
curve on the paper roll. Tide tables are then prepared by reading
the heights and times of maxima and minima of the curve.
Courtesy Science Museum, London. Negative No. 86.
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Figure 5.19. Kelvin’s Harmonic Analyzer for Tides. Courtesy Science
Museum, London. Negative No. 86.
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Figure 5.20. The principle of Kelvin’s Harmonic Analyzer for Tides.
Kelvin converted the integral to the form
[ h(9) d (s() d),
where the integral
[ s(2) dt
is just another sine or cosine function. These functions are easily
produced by resolver mechanisms, which rotate the disks of two
integrators backward and forward with the period of each tidal
component sought. The integrating wheels (balls in Kelvin’s
design) are displaced by the recorded tide height, which is
obtained by tracing a chart record. The integrating wheels then
indicate the sine and cosine amplitudes, from which the amplitude
and phase of the component are easily found.
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could be used to drive a substantial load of other calculating
machinery. It was the absence of any form of torque amplifier that
had prevented Kelvin from making further progress in this direction.

Bush’s Differential Analyzer, as the new machine was called,
consists of a set of integrators, input and output tables for tracing and
plotting continuous curves, and a very flexible system of
shafting—the bus shafts—arranged to enable the input of any
mechanism to be connected to the output of any other, as required by
the problem being solved. Gearing could be included to give any
prescribed ratio between bus shafts, and differential gears (Figure
5.8) enable shaft rotations to be added and subtracted. One bus shaft
is driven by a motor to represent the independent variable. A typical
Differential Analyzer is shown in Figure 5.24.

Figure 5.24. A Differential Analyzer, similar to Bush’s original
design, developed in the Courtaulds Laboratories. The integrators
are on the left with a two-stage torque amplifier and a handle
for setting the initial conditions into the integrators. On the right
are the input and output tables. The bus shafting is in the center.
Courtesy Science Museum, London. Negative No. 272/74.















Figure 5.27. An experimental flight simulator for the Viscount
aircraft (ca. 1950). Mechanical analog computing components
are interconnected by flexible steel tapes running over pulleys to
combine the accuracy of mechanical computation with the
flexibility of interconnection of electrical analog systems. Courtesy
Science Museum, London. Negative No. 306/73.

Gunnery Computers

ifferential Analyzers have considerable historical importance as

the first general-purpose automatic computing devices for

scientific and engineering work. However, because of their cost, they
were never very common nor their use widespread.

In terms of practical use, mechanical analog computing devices

played their most dominant role in military applications, particularly
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The time to locate the aircraft, set up the calculation, and start firing
the guns was short—about thirty seconds—and thereafter the
computer had to continuously provide updated firing data to the guns.

Figure 5.28. (a) and (b) The Vickers antiaircraft gun Predictor (ca.
1930).

The first successful antiaircraft gun computer, the Vickers
Predictor (Figure 5.28), was developed by the English armament
manufacturing firm of Vickers in 1924 and entered service in 1928,
well before the invention of the Differential Analyzer. The general
arrangement of the mechanism, which uses polar coordinates to
achieve the necessary accuracy, is shown in Figure 5.29. Linkage
mechanisms (like the resolver of Figure 5.4) were extensively used
in the design, and disc-and-ball integrators drove the balance dials.
Operators were required to enter deflections to keep the dials, and
hence the equations, balanced and to enter ballistic data by following
curves on drum charts. These operators acted, in effect, as
servomechanisms, and the action of the predictor was entirely





































